A charge-density-like covariance is expected to characterize the transition radiation energy spectrum of a N electron bunch as far as the charge form factor is intended to account for bunch-density effects in the radiation emission. The beam charge passing from a single electron to a high density electron bunch, the covariance of the transition radiation energy is expected to evolve from a charge-point-like to a charge-density-like one. Besides covariance, the radiation energy spectrum is expected to conform to the temporal causality principle: the N single electron amplitudes composing the radiation field are expected to propagate from the metallic screen with relative emission phases causally correlated with the temporal sequence of the N particle collisions onto the metallic screen. In the present paper, the case of a N electron bunch hitting at a normal angle of incidence a flat metallic surface with arbitrary size and shape will be considered. For such an experimental situation, the distribution function of the N electron longitudinal coordinates rules the temporal causality constraint into the transition radiation energy spectrum. The covariance feature of the transition radiation energy spectrum deals instead with the Lorentz invariance of the projection of the N electron spatial density in the transverse plane with respect to the direction of motion of the N electron beam. Because of the invariance of the N electron transverse density under a Lorentz transformation with respect to the direction of motion of the electron beam, the N single electron radiation amplitudes composing the radiation field show a covariant dependence on the distribution function Email address: gianluca.orlandi@psi.ch (Gian Luca Orlandi)
electron longitudinal coordinates z 0j (j = 1, .., N) which, for the sake of ease, 100 are taken at the time t = 0 when the center of mass of the electron bunch is 101 supposed to strike the metallic surface.
102
On the radiator surface S (z = 0), the harmonic components of the trans- 
The boundary condition above rules the dipolar oscillation of the the con- 
where α = ω wγ
, while ρ 0j = (x 0j , y 0j ) and z 0j (j = 1, .., N) are, respectively, shape and size (either infinite S = ∞ or finite S < ∞).
139
The virtual quanta field -see Eq.(3) -shows a field structure as a train The temporal causal structure characterizing the transition radiation field interfere indeed each other via a relative phase factor only dependent on the 151 relative difference of the electron longitudinal coordinates z 0j (j = 1, .., N).
152
In fact, (1) the radiator surface S being in principle arbitrary and (2) the 153 formal expression of the transition radiation energy spectrum being expected 154 to be invariant whether the radiator surface S is finite (S < ∞) or infinite
155
(S = ∞) and whatever is its shape, the N single electron radiation field bution function of the electron longitudinal coordinates z 0j (j = 1, .., N) via 166 the phase factor e −i(ω/w)(z 0j −z 0l ) (l = j).
167
About the electron transverse coordinates ρ 0j = (x 0j , y 0j ) (j = 1, .., N), showing the structure of the product of a real amplitude and a phase factor 176 both depending on the electron transverse coordinates:
On the basis of Eq.(7), the formula of the radiation energy spectrum given in
178
Eq.(6) shows the well known dependence on the three-dimensional form fac- components of the radiation energy spectrum, Eq.(6).
191
In conclusion, in the most general case of an electron bunch at a normal
192
angle of incidence onto a radiator surface S with an arbitrary size and shape 
212
In the present context, the N electrons of the bunch are described by a 
where 
The above Fourier transformation of the spatial density of the N electron 223 bunch is defined in the space (x ′ , y ′ , z ′ ) and in the conjugate Fourier space 
respectively. Consequently, the charge density, as expressed by Eq. as follows:
where
In conclusion, under a Lorentz transformation (R ′ =⇒ R), the N electron 
is the 4-dimensional Fourier transformation of the N electron spatial density 257 in the laboratory reference frame R, see also Appendix B. 
320
In the present context, a "frozen-in-time" electron bunch is considered, 
The expression above of the electric field of the N electron bunch does not 
where the 4-vector ξ j = ( r j , ct) (j = 1, .., N) represents the space-time coor-
347
dinates of the N electrons in the laboratory reference frame. 
Finally, under a Lorentz transformation R =⇒ R ′ , Eqs.(16,17) transform as:
where, in the last term of Eq.(18), the three components of the charge elec-
357
tric field E ′ ( r ′ , t ′ ) in the rest reference frame R ′ can be identified, see also
358
Appendix C:
Equation ( 
Conclusions

399
In the present paper, the issue of the covariant formulation of the radi- 
438
The 4-vectors of R, the space-time (x, y, z, ct) and the conjugate Fourier wavevector-frequency (k x , k y , k z , ω/c), Lorentz-transform into the respective
As for the electromagnetic fields E and B, Lorentz transformations R ′ =⇒
445
R read:
The inverse Lorentz transformations R =⇒ R ′ for coordinates and fields reference R ′ where each electron is at rest, the N electrons can be described 455 in terms of a "static" distribution function of the particle density:
coordinates in the rest reference frame R ′ . In the conjugate Fourier space
is the Fourier transform of the distribution function of the N particle density.
462
Since the bunch density -as represented by Eq.(B.2) -is only defined in a indeed Lorentz-invariant
Consequently, under a Lorentz transformation from the rest to the labora- Appendix A: In the rest reference frame R ′ of the N electron bunch, the magnetic field
Poisson equation for the scalar potential Φ:
In the Fourier 3-space
where the scalar potential and 520 the charge density read
and the electric field reads
where the explicit expression of ρ ′ ( k ′ ) is given in Eq.(B.3). 
where, in the equation above, the 3 components of the electric field of the 547 N electron bunch in the laboratory reference frame R can be recognized, see
548
Eqs.(16,17) and also Appendix D: 
where, in the second term of previous equation, the explicitly covariant
574
Fourier representation of the charge electric field E ′ ( k ′ , ω ′ ) in the rest refer-575 ence frame R ′ can be recognized, see Eq.(19) and also Eq.(C.5) in Appendix C.
576
For the sake of completeness, the electric field of N electrons in the rest 
